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1. Introduction

The anomalous gravity potential, T, is a har-
monic function, i.e. it fulfills a partial differential 
equation, the Laplace equation. This property 
permits us to use the Stoke’s equation for ge-
oid determination and the representation of the 
function through the coefficients of a series of 
spherical harmonics. Its determination requires 
gravity anomaly data distributed globally and 
with a homogeneous distribution. This required 
the interpolation and extrapolation of existing 
scattered gravity anomaly data. Furthermore, it 

is important to be able to calculate errors and 
error-correlations of these quantities.  

A solution was found in the sixties in the 
method of Least Squares Prediction, see Moritz 
(1965) and Heiskanen and Moritz (1967, Sec-
tion 7-6). Simultaneously a method for solving 
ordinary and partial differential equations called 
collocation was developed by mathematicians. 
This method has the property (when applied to 
the modeling of T) that more general classes of 
data (not necessarily associated with the surface 
of the Earth), could be used. 
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The connection between the collocation meth-
od and the method of  Least Squares Prediction 
method was recognized by T. Krarup (1969), and 
lead to the development of the method called 
Least-Squares Collocation (LSC), which merged 
statistical and purely mathematical tools.

The relationship between the methods is most 
clearly illustrated by the fact that a covariance 
function (of the anomalous potential T) simul-
taneously is a reproducing kernel in a Hilbert 
space of harmonic functions.

When applying Least Squares Prediction, the 
covariance function is empirically estimated, and 
its use leads to predictions which are the “best” 
in a least-squares global sense. If the reproduc-
ing kernel is selected so that it approximates the 
covariance function, then the use of the colloca-
tion method will also lead to a solution which is 
the “best”. 

The method has been widely used for many 
gravity field applications: geoid determination, 
prediction of deflections of the vertical (see e.g. 
Heitz and Tscherning (1972)), gravity anomaly 
prediction and computation of spherical harmo-
nic coefficients (Howe et al. 2003). Also the ability 
to compute error-estimates and error- correlations 
have been utilized, see e.g. Arabelos et al. (2007) 
and Arabelos and Tscherning (2008).

A limitation, however, has been that there has 
to be solved as many equations as the number 
of data. Different procedures have been pro-
posed to circumvent this problem (Moritz, 1973, 
Tscherning, 1974). But if the data are gridded to 
form a grid of data distributed equidistantly in 
longitude, symmetries arise in the normal-equa-
tions, which may be taken advantage of. Based 
on ideas by Colombo (1979) a general proce-
dure called Fast Spherical Collocation (FSC) was 
developed by Sansò and Tscherning (2003). 

The planned use of LSC for processing data 
from the Gravity and Ocean Circulation Explorer 
Satellite (GOCE), Johannesen et al.,(2003) will 
be described in the following. It is very much 
due to the results achieved in the research of H. 
Moritz that LSC has matured so much that it has 
been accepted as a valid tool for the processing 
of data from the GOCE mission. 

2. Processing of GOCE data

GOCE was launched 17 March, 2009 by ESA. 
The satellite carries GPS receivers which permit 
the precise determination of the position and ve-
locity. The main gravity instrument is the 3 axis 
gradiometer, which will determine the gravity 

gradients, i.e. the second order derivatives of 
the potential V. The derivatives will be deter-
mined in a frame determined by star-trackers. 
Furthermore, in order to increase the sensitiv-
ity, the measurements will be restricted to the 
so-called measurement band-width, correspon-
ding to wavelengths in the range from 100 km 
to 1200 km. 

The data will initially be processed by the so-
called High-Level Processing Facility (HPF) and 
subsequently made available for processing by 
groups approved by ESA. The HPF is composed 
of scientists from 10 European institutions, in-
cluding TU Graz and the University of Copen-
hagen, who collaborate on producing the best 
possible results from GOCE.

There will be used 3 main processing schemes: 

 � the direct method, which use the basic obser-
vation equations and least-squares adjustment

 � the time-wise method which takes advantage 
of the time-wise sampling of the data

 � the space-wise method which take advantage 
of the spatial correlation of the data

Besides this the HPF will determine fast (using 
parts of the data) spherical harmonic solutions 
with the purpose of continuously checking the 
state of the satellite. A further task is the deter-
mination of possible outliers and the filling of 
data-gaps. 

The satellite is expected to collect data in at 
least 2 years. The instruments will collect data 
with a 1 Hz sampling rate, so the amount of data 
will be very large.

The main products by the HPF will be spheri-
cal harmonic coefficients and associated error-
covariances up to a maximum degree of about 
250, (i.e. 62500 coefficients) and gravity gradi-
ents given in a North-West-Up (NWU) frame.

3. The use of LSC

3.1 Gridding and interpolating

The basic equations of LSC are shown in the Ap-
pendix. Here we see that in order to determine 
an approximation to T, a number of equations 
equal to the number of observations must be 
solved. This makes it impossible to use all data 
simultaneously.

However, LSC will be used to grid (interpolate) 
data, making the foundation for using numerical 
integration procedures to determine coefficients 
of a spherical harmonic expansion. 
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Initially the energy-balance method is used to 
produce values of V from the velocity vector con-
verted to kinetic energy and corrected for time-
varying phenomena. This gives us values of T at 
orbit altitude which using LSC will produce val-
ues in a grid equidistant in longitude at mean sat-
ellite altitude (as well as error-estimates). From 
these data spherical harmonic coefficients up 
to a maximal degree 100 may be determined. 
Both numerical integration and Fast Spherical 
Collocation may be used to estimate these coef-
ficients. The use of FSC, however, requires that 
the errors of the interpolated data are uncorre-
lated – which is not the case. Consequently the 
error-estimates and error-correlations of the co-
efficients will be under-estimated, see Arabelos 
and Tscherning (2008).

The availability of a low-degree and order 
spherical harmonic solution makes it possible to 
restitute the gravity gradients to their full power 
and have them represented in an NWU frame. 
Here again LSC will be used to produce several 
new grids equidistant in longitude on parallels at 
the same distance from the center of the Earth. 
As an example let us regard the second order 
radial derivative.
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(see Appendix for the meaning of the different 
quantities). Consequently a spherical harmonic 
analysis will determine coefficients multiplied by 
(i+1)(i+2)/r2  from which we obviously can find 
the coefficients Cij. 

This gravity gradient may be used together 
with other components in a weighted numeri-
cal integration procedure, see Migliaccio et al. 
(2004, 2005, 2007). The use of FSC has also 
been investigated, but it resulted in coefficient 
estimates which were inferior to those obtained 
by numerical integration. Here it is appropriate 
to mention that the GOCE orbit inclination leaves 
two gaps at the poles, with no data. If these 
gaps are filled in with values computed from an 
existing spherical harmonic solution, the result 
will improve.

3.2 Calibration of gravity gradients

As mentioned above the gravity gradients will 
have values given with the highest precision in 
the measurement band-width. In order to extract 
these precise data Fourier analysis is applied in 
order to obtain data in the band. A similar analy-
sis is made of data computed from a spherical 
harmonic model, and the values corresponding 

to the measurement band-width are removed. 
The two time series are added, and we have “full” 
gravity gradients. These values are calibrated 
as described in Arabelos et al. (2007), Boumann 
et al. (2004 and 2008). In this calibration pro-
cess LSC is applied in order to compute precise 
reference values over 5 selected areas, where 
the gravity field is smooth. The Fourier analysis 
is then applied on a time-series here with the en-
hanced values in the 5 areas and values derived 
from a spherical harmonic expansion outside 
the areas. Inside the areas the filtered calibrated 
values are compared to the filtered “enhanced” 
values. The comparison is done for each track 
which crosses the area, and it is checked that 
the two time-series have the same scale, see 
Bouman et al. (2008).

3.3  Gross-error detection and frame- 
transformation

The calibrated gravity gradients must be che-
cked for gross-errors and converted from the 
instrument reference frame to the NWU frame. 

The check for gross-errors may be done by 
predicting a gradient value from values nearby 
on the same track and comparing the difference 
to the error-estimate, see Tscherning (1991). The 
frame-transformation is simply done by selecting 
a local window, and then predicting the data in 
the NWU frame from the data in the instrument 
frame, see Tscherning (2004).

4. Outlook

The procedures for processing GOCE data by 
the HPF are “frozen” after having been checked 
in detail by ESA through simulations. The satellite 
should have been launched several years ago, 
and meanwhile computers have become faster 
and have facilities for multiprocessing (see e.g. 
Tscherning and Veicherts, 2007). If one consid-
ers that one of the main goals is the estimation of 
less than 70 000 numbers – coefficients – , then 
one may ask how much data are really needed, 
if one could select (cf. Arabelos and Tscherning, 
2007) the “best” data from all the data collected 
during the expected 2 year lifetime of the satel-
lite. A good guess is 10 times the number of 
coefficients, if one is able to select data which 
have uncorrelated noise, e.g. due to the fact 
that they have been measured at times a year 
or more apart. Also one may using LSC include 
precise ground data collected at the poles, so 
that one in the end have a dataset with 1 000 000 
observations.  The use of LSC with so many data 
will be a big but not impossible task.
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Appendix: Basic equations (cf. Heiskanen 
and Moritz, 1967 and Moritz 1980).

The gravity potential W, is the sum of the poten-
tial V due to the attraction of the masses and the 
centrifugal potential. The anomalous potential is 
the difference between W and the normal poten-
tial U. In space quantities related to V are meas-
ured, while at the surface of the Earth W is the 
important quantity. T is however the same every-
where, because the centrifugal part is eliminated.

T may be represented by a series in spherical 
harmonics
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where r is the radial distance, l the longitude, 
the geocentric latitude, Sij the surface spherical 
harmonics and GM the product of the mass of 
the Earth and the gravitational constant and a is 
a scale-factor generally close to the semi-major 
axis of the earth’s ellipsoid and Cij the spherical 
harmonic coefficients.

The basic observation equation for LSC is

y L T e A Xi i LSC i i
T= + +( ) ,  where where

X are contingent parameters, Ai is a vector con-
necting parameters and the observations yi, 
ei is the error contribution.

Here the contribution from a contingent da-
tum-transformation and a Earth Gravity Model 
must have been subtracted.

The estimate of TLSC is obtained by
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The estimate of the (M) parameters are ob-
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The error-estimates and error-covariances, eckl  
are found with:
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