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1. Introduction

The anomalous gravity potential, T, is a har-
monic function, i.e. it fulfills a partial differential 
equation, the Laplace equation. This property 
permits us to use the Stoke’s equation for ge-
oid determination and the representation of the 
function through the coefficients of a series of 
spherical harmonics. Its determination requires 
gravity anomaly data distributed globally and 
with a homogeneous distribution. This required 
the interpolation and extrapolation of existing 
scattered gravity anomaly data. Furthermore, it 

is important to be able to calculate errors and 
error-correlations of these quantities.  

A solution was found in the sixties in the 
method of Least Squares Prediction, see Moritz 
(1965) and Heiskanen and Moritz (1967, Sec-
tion 7-6). Simultaneously a method for solving 
ordinary and partial differential equations called 
collocation was developed by mathematicians. 
This method has the property (when applied to 
the modeling of T) that more general classes of 
data (not necessarily associated with the surface 
of the Earth), could be used. 
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Kurzfassung

Die Methode der Kollokation nach Kleinsten Quadraten (engl. LSC) basiert auf Überlegungen, die von H.Moritz für 
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wurde von T. Krarup zur Lösung von partiellen Differentialgleichungen weiterentwickelt, wie z.B. die Laplace-Glei-
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Circulation Explorer (GOCE) anfallen. Die mittels GPS bestimmten Bahnparameter wären für die Berechnung der 
langwelligen Anteile des Schwerefeldes geeignet, während Bandbreiten-limitierte Gradiometer-Daten zur Bestim-
mung kurzer Wellenlängen bis hinunter zu 100 km genutzt werden könnten. Da erwartet wird, dass bei dieser 
Satellitenmission Millionen von Daten anfallen werden, ist die Nutzung von LSC nicht möglich, da LSC gleichviele 
Gleichungen wie Beobachtungen bedingt. Jedoch kann LSC zur Grid-Erstellung durch Prädiktion in kleinräumigen 
Bereichen herangezogen werden, wobei die interpolierten Daten Gleichungssysteme ergeben, die mit schnellen 
Methoden gelöst werden können. Leider müssen die in den interpolierten Daten (Grid-Daten) enthaltenen Fehler 
als unkorreliert angenommen werden. Bei kleinen Grids mit 20000 Beobachtungen haben numerische Simulatio-
nen gezeigt, dass die Fehler-Korrelationen der berechneten sphärischen harmonischen Koeffizienten bis zu einem 
Ausmaß von 40 % als zu gering ausfallen, unter der Annahme von unkorrelierten Fehlern in den Grid-Daten. Ande-
re Anwendungen von LSC werden für die GOCE Kalibrierung herangezogen, wobei bodenbezogene Daten hoher 
Qualität für die Prädiktion von GOCE Messungen in Satellitenhöhe herangezogen werden.
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The connection between the collocation meth-
od and the method of  Least Squares Prediction 
method was recognized by T. Krarup (1969), and 
lead to the development of the method called 
Least-Squares Collocation (LSC), which merged 
statistical and purely mathematical tools.

The relationship between the methods is most 
clearly illustrated by the fact that a covariance 
function (of the anomalous potential T) simul-
taneously is a reproducing kernel in a Hilbert 
space of harmonic functions.

When applying Least Squares Prediction, the 
covariance function is empirically estimated, and 
its use leads to predictions which are the “best” 
in a least-squares global sense. If the reproduc-
ing kernel is selected so that it approximates the 
covariance function, then the use of the colloca-
tion method will also lead to a solution which is 
the “best”. 

The method has been widely used for many 
gravity field applications: geoid determination, 
prediction of deflections of the vertical (see e.g. 
Heitz and Tscherning (1972)), gravity anomaly 
prediction and computation of spherical harmo-
nic coefficients (Howe et al. 2003). Also the ability 
to compute error-estimates and error- correlations 
have been utilized, see e.g. Arabelos et al. (2007) 
and Arabelos and Tscherning (2008).

A limitation, however, has been that there has 
to be solved as many equations as the number 
of data. Different procedures have been pro-
posed to circumvent this problem (Moritz, 1973, 
Tscherning, 1974). But if the data are gridded to 
form a grid of data distributed equidistantly in 
longitude, symmetries arise in the normal-equa-
tions, which may be taken advantage of. Based 
on ideas by Colombo (1979) a general proce-
dure called Fast Spherical Collocation (FSC) was 
developed by Sansò and Tscherning (2003). 

The planned use of LSC for processing data 
from the Gravity and Ocean Circulation Explorer 
Satellite (GOCE), Johannesen et al.,(2003) will 
be described in the following. It is very much 
due to the results achieved in the research of H. 
Moritz that LSC has matured so much that it has 
been accepted as a valid tool for the processing 
of data from the GOCE mission. 

2. Processing of GOCE data

GOCE was launched 17 March, 2009 by ESA. 
The satellite carries GPS receivers which permit 
the precise determination of the position and ve-
locity. The main gravity instrument is the 3 axis 
gradiometer, which will determine the gravity 

gradients, i.e. the second order derivatives of 
the potential V. The derivatives will be deter-
mined in a frame determined by star-trackers. 
Furthermore, in order to increase the sensitiv-
ity, the measurements will be restricted to the 
so-called measurement band-width, correspon-
ding to wavelengths in the range from 100 km 
to 1200 km. 

The data will initially be processed by the so-
called High-Level Processing Facility (HPF) and 
subsequently made available for processing by 
groups approved by ESA. The HPF is composed 
of scientists from 10 European institutions, in-
cluding TU Graz and the University of Copen-
hagen, who collaborate on producing the best 
possible results from GOCE.

There will be used 3 main processing schemes: 

 � the direct method, which use the basic obser-
vation equations and least-squares adjustment

 � the time-wise method which takes advantage 
of the time-wise sampling of the data

 � the space-wise method which take advantage 
of the spatial correlation of the data

Besides this the HPF will determine fast (using 
parts of the data) spherical harmonic solutions 
with the purpose of continuously checking the 
state of the satellite. A further task is the deter-
mination of possible outliers and the filling of 
data-gaps. 

The satellite is expected to collect data in at 
least 2 years. The instruments will collect data 
with a 1 Hz sampling rate, so the amount of data 
will be very large.

The main products by the HPF will be spheri-
cal harmonic coefficients and associated error-
covariances up to a maximum degree of about 
250, (i.e. 62500 coefficients) and gravity gradi-
ents given in a North-West-Up (NWU) frame.

3. The use of LSC

3.1 Gridding and interpolating

The basic equations of LSC are shown in the Ap-
pendix. Here we see that in order to determine 
an approximation to T, a number of equations 
equal to the number of observations must be 
solved. This makes it impossible to use all data 
simultaneously.

However, LSC will be used to grid (interpolate) 
data, making the foundation for using numerical 
integration procedures to determine coefficients 
of a spherical harmonic expansion. 
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Initially the energy-balance method is used to 
produce values of V from the velocity vector con-
verted to kinetic energy and corrected for time-
varying phenomena. This gives us values of T at 
orbit altitude which using LSC will produce val-
ues in a grid equidistant in longitude at mean sat-
ellite altitude (as well as error-estimates). From 
these data spherical harmonic coefficients up 
to a maximal degree 100 may be determined. 
Both numerical integration and Fast Spherical 
Collocation may be used to estimate these coef-
ficients. The use of FSC, however, requires that 
the errors of the interpolated data are uncorre-
lated – which is not the case. Consequently the 
error-estimates and error-correlations of the co-
efficients will be under-estimated, see Arabelos 
and Tscherning (2008).

The availability of a low-degree and order 
spherical harmonic solution makes it possible to 
restitute the gravity gradients to their full power 
and have them represented in an NWU frame. 
Here again LSC will be used to produce several 
new grids equidistant in longitude on parallels at 
the same distance from the center of the Earth. 
As an example let us regard the second order 
radial derivative.
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(see Appendix for the meaning of the different 
quantities). Consequently a spherical harmonic 
analysis will determine coefficients multiplied by 
(i+1)(i+2)/r2  from which we obviously can find 
the coefficients Cij. 

This gravity gradient may be used together 
with other components in a weighted numeri-
cal integration procedure, see Migliaccio et al. 
(2004, 2005, 2007). The use of FSC has also 
been investigated, but it resulted in coefficient 
estimates which were inferior to those obtained 
by numerical integration. Here it is appropriate 
to mention that the GOCE orbit inclination leaves 
two gaps at the poles, with no data. If these 
gaps are filled in with values computed from an 
existing spherical harmonic solution, the result 
will improve.

3.2 Calibration of gravity gradients

As mentioned above the gravity gradients will 
have values given with the highest precision in 
the measurement band-width. In order to extract 
these precise data Fourier analysis is applied in 
order to obtain data in the band. A similar analy-
sis is made of data computed from a spherical 
harmonic model, and the values corresponding 

to the measurement band-width are removed. 
The two time series are added, and we have “full” 
gravity gradients. These values are calibrated 
as described in Arabelos et al. (2007), Boumann 
et al. (2004 and 2008). In this calibration pro-
cess LSC is applied in order to compute precise 
reference values over 5 selected areas, where 
the gravity field is smooth. The Fourier analysis 
is then applied on a time-series here with the en-
hanced values in the 5 areas and values derived 
from a spherical harmonic expansion outside 
the areas. Inside the areas the filtered calibrated 
values are compared to the filtered “enhanced” 
values. The comparison is done for each track 
which crosses the area, and it is checked that 
the two time-series have the same scale, see 
Bouman et al. (2008).

3.3  Gross-error detection and frame- 
transformation

The calibrated gravity gradients must be che-
cked for gross-errors and converted from the 
instrument reference frame to the NWU frame. 

The check for gross-errors may be done by 
predicting a gradient value from values nearby 
on the same track and comparing the difference 
to the error-estimate, see Tscherning (1991). The 
frame-transformation is simply done by selecting 
a local window, and then predicting the data in 
the NWU frame from the data in the instrument 
frame, see Tscherning (2004).

4. Outlook

The procedures for processing GOCE data by 
the HPF are “frozen” after having been checked 
in detail by ESA through simulations. The satellite 
should have been launched several years ago, 
and meanwhile computers have become faster 
and have facilities for multiprocessing (see e.g. 
Tscherning and Veicherts, 2007). If one consid-
ers that one of the main goals is the estimation of 
less than 70 000 numbers – coefficients – , then 
one may ask how much data are really needed, 
if one could select (cf. Arabelos and Tscherning, 
2007) the “best” data from all the data collected 
during the expected 2 year lifetime of the satel-
lite. A good guess is 10 times the number of 
coefficients, if one is able to select data which 
have uncorrelated noise, e.g. due to the fact 
that they have been measured at times a year 
or more apart. Also one may using LSC include 
precise ground data collected at the poles, so 
that one in the end have a dataset with 1 000 000 
observations.  The use of LSC with so many data 
will be a big but not impossible task.
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Appendix: Basic equations (cf. Heiskanen 
and Moritz, 1967 and Moritz 1980).

The gravity potential W, is the sum of the poten-
tial V due to the attraction of the masses and the 
centrifugal potential. The anomalous potential is 
the difference between W and the normal poten-
tial U. In space quantities related to V are meas-
ured, while at the surface of the Earth W is the 
important quantity. T is however the same every-
where, because the centrifugal part is eliminated.

T may be represented by a series in spherical 
harmonics
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where r is the radial distance, l the longitude, 
the geocentric latitude, Sij the surface spherical 
harmonics and GM the product of the mass of 
the Earth and the gravitational constant and a is 
a scale-factor generally close to the semi-major 
axis of the earth’s ellipsoid and Cij the spherical 
harmonic coefficients.

The basic observation equation for LSC is

y L T e A Xi i LSC i i
T= + +( ) ,  where where

X are contingent parameters, Ai is a vector con-
necting parameters and the observations yi, 
ei is the error contribution.

Here the contribution from a contingent da-
tum-transformation and a Earth Gravity Model 
must have been subtracted.

The estimate of TLSC is obtained by
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T T( ) ) ,= { } −{ }−1  where 

C Cij ij= +{ }σ , and

ij  is the variance-covariances of the errors.

The estimate of the (M) parameters are ob-
tained by
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The error-estimates and error-covariances, eckl  
are found with:

H COV L L Ck k i
T

= { } −( , ) 1,  MxN matrix

m A C A WX
T2

1 1

= +








− −

ec H L L H AM H Akl kl k j l k X l
T{ } = { } − { } +σ cov( , ) ( )

Acknowledgement: 

Thanks to Prof. F.Migliaccio for suggesting improvements 
to the manuscript.

This paper was presented at the Colloquium “Scientific 
Geodesy” on the occasion of the 75th birthday of Helmut 
Moritz. Berlin Nov. 14, 2008.

References:

Arabelos, D. and C.C. Tscherning: On a strategy for the 
use of GOCE gradiometer data for the development of a 
geopotential model by LSC. 3rd Int. GOCE user workshop, 
ESA-ESRIN, 6-8 2006, ESA-SP-627, pp. 69-75, 2007.

Arabelos, D., R. Forsberg and C.C. Tscherning: On 
the a-priori estimation of error-covariance functions. A 
feasibilty study.  Geoph. J. Int., doi:10.1111/j.1365-
246X.2007.03460.x. 2007.

Arabelos, D. and C.C. Tscherning: Error-covariances of the 
estimates of spherical harmonic coefficients computed 
by LSC, using second-order radial derivative functionals 
associated with realistic GOCE orbits. J.Geodesy, DOI 
10.1007/s00190-008-0250-0, 2008.

Arabelos, D., C.C. Tscherning and M. Veicherts: External 
calibration of GOCE SGG data with terrestrial gravity data: 
A simulation study. IAG Proceedings 130, pp. 337-344, 
Springer Verlag, 2007.

Bouman, J., R. Koop, R. Haagmans, J. Mueller, N. Sneuw, 
C.C. Tscherning and P. Visser: Calibration and Validation of 
GOCE Gravity Gradients. Proceedings IAG Symp. Vol. 128, 
pp. 265-270, Springer Verlag 2004.

Bouman, J., S. Rispens, T. Gruber, R. Koop, E. Schrama, 
P. Visser, C.C. Tscherning and M. Veicherts: Pre-process-
ing of gravity gradients at the GOCE High-level J.Geodesy, 
doi:/10.1007/s00190-008-0279-9 , 2008.

Colombo, O.: Optimal estimation from data regularly sam-
pled on a sphere with applications in geodesy. Reports of 
the Dep. of Geodetic Science, No. 291, The Ohio State 
University, Columbus, 1979.

Heiskanen, W.A. and H. Moritz: Physical Geodesy. W.H. 
Freeman & Co, San Francisco, 1967.

Heitz, S. and C.C. Tscherning: Comparison of two Methods 
of Astro-Gravimetric Geoid Determination based on Least 
Squares Prediction and Collocation. Tellus, Vol. XXIV, No. 3, 
pp. 271-276, 1972.

Howe, E., L. Stenseng and C.C. Tscherning: Analysis of 
one month of CHAMP state vector and accelerometer data 
for the recovery of the gravity potential. Advances in Geo-
science, (2003), 1, p. 1-4, 2003.

Johannesen, J.A., G. Balmino, C. Le Provost, R. Rum-
mel, R. Sabadini, H. Suenkel, C.C. Tscherning, P. Viss-
er, P. Woodworth, C.H. Huges, P. LeGrand, N. Sneeuw, 
F. Pero sanz, M. Aguirre-Martinez, H. Rebhan and M. Drink-
water: The European Gravity Field and Stedy-State Ocean 
Circulation Explorer Mission: Impact on Geophysics, Sur-
veys of Geophysics, Vol. 24, no. 4, pp. 339-386, 2003.

Krarup, T.: A Contribution to the Mathematical Foundation 
of Physical Geodesy. Meddelelse no. 44, Geodætisk Insti-
tut, København 1969.

Migliaccio, F., M. Reguzzoni, F. Sansó and C.C. Tscher-
ning: The Performance of the space-wise approach to 
GOCE data analysis, when statistical homogenization is 
applied. Newton’s Bulletin, No. 2, Published by BGI and 
IdGS, 2005.

Migliaccio, F., M. Reguzzoni, F. Sanso and C.C. Tscher-
ning: An enhanced space-wise simulation for GOCE data 



EPOSA integriert als Einziger beide Satellitensysteme 
GPS und GLONASS. Die Folge: hochgenaue Posi-
tionsdaten, schnellste Ergebnisse in Echtzeit und 
beste räumliche Abdeckung – selbst bei schwierigen 
Bedingungen! Exakte Infos auf www.eposa.at

Andere vermessen genau.
Wir punktgenau. In Echtzeit.



Vermessung & Geoinformation 1/201026

reduction. Proceedings GOCE04, Frascati, March 2004, 
ESA SP-569, 2004.

Migliaccio, F., M. Reguzzoni, F. Sanso, N. Tselfes, 
C.C. Tscherning and M. Veicherts: The latest test of the 
space-wise approach for GOCE data analysis. Proc. 3rd 
Int. GOCE User Workshop, ESA-ESRIN,6-8 Nov. 2006, ESA 
SP-627, pp. 241-248, 2007.

Moritz, H.: Schwerevorhersage und Ausgleichungsrech-
nung. Z. f. Vermessungswesen, 90 Jg., pp. 181-184, 1965. 

Moritz, H.: Advanced Least-Squares Methods. Reports of 
the Department of Geodetic Science No. 175, The Ohio 
State University, Columbus 1972.

Moritz, H.: Stepwise and Sequential Collocation. Reports 
of the Department of Geodetic Science, No. 203, The Ohio 
State University, 1973.

Moritz, H.: Advanced Physical Geodesy. H.Wichmann Ver-
lag, Karlsruhe,1980.

Sansó, F. and C.C. Tscherning: Fast Spherical Collocation – 
Theory and Examples. J. of Geodesy, Vol. 77, pp. 101-112, 
DOI 10.1007/s00190-002-0310-5, 2003.

Tscherning,  C.C.: A FORTRAN IV Program for the Deter-
mination of the Anomalous Potential Using Stepwise Least 
Squares Collocation. Reports of the Department of Geo-
detic Science No. 212, The Ohio State University, Colum-
bus, Ohio, 1974.

Tscherning, C.C.: The use of optimal estimation for 
gross-error detection in databases of spatially correlated 
data. Bulletin d’Information, no. 68, pp.79-89, Bureau 
Gravimetrique International,  1991.

Tscherning, C.C.: Testing frame transformation, gridding 
and filtering of GOCE gradiometer data by Least-Squares 
Collocation using simulated data. IAG Proceedings VOl. 
128, pp. 277-282, Springer Verlag, 2004.

Tscherning, C.C. and M. Veicherts: Optimization of Gradi-
ent prediction. GOCE-TN-HPF-GS-0214, 2007.

Contact

Professor C.C. Tscherning, Niels Bohr Institute, University 
of Copenhagen, Juliane Maries Vej 30, Copenhagen Ö, 
Denmark.
E-mail: cct@gfy.ku.dk


