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VGI – Österreichische Zeitschrift für Vermessung und Geoinformation 84 (3), S.
256–261

1996

BibTEX:

@ARTICLE{Shen_VGI_199637,

Title = {On the Separation of Gravitation and Inertia in the Case of Free

Motion},

Author = {Shen, Wenbin and Moritz, Helmut},

Journal = {VGI -- {\"O}sterreichische Zeitschrift f{\"u}r Vermessung und

Geoinformation},

Pages = {256--261},

Number = {3},

Year = {1996},

Volume = {84}

}



tion of north- and south-going passes) displayed 
in Fig . 3. Two of them showed too many local re
flections to be of any further use, therefore three 
new sites were defined along the particular sub
tracks. As an example the radar altimeter returns 
for an ERS-1 overpass at RAMS (Ramsau / 
Dachstein) are shown in Fig. 4. All sites were 
connected to the International Terrestrial Refer
ence Frame by preceding or on-site GPS-mea
surements, the latter also being used for the esti
mate of the ionospheric corrections. Special at
tention is paid to the cross-over point LASS, si
tuated in the near vicin ity of the Graz laser sta
tion (7 km) for which altimeter derived heights 
and laser distances are highly correlated and 
can be used for a direct calibration of the ERS-2 
altimeter. 

6. Current Status and Future Plans 

The recent measurements have shown a sub
stantial decrease of the power of the emitted re
turn pulses by a factor of 8 compared to the first 
measurements in Schindlet, which complicates 
the data reduction for noisy sites. The reason 
may be the failure of one amplifier inside the 
transponder which is presently investigated. 
After some test-measurements near the obser
vatory Lustbühel it is planned to repeat the mea
surements in Austria for a further 70 days period. 

After that the Graz transponder wi l l  be em
ployed, together with the Copenhagen transpon
der, for a dedicated mission which aims at the 
connection of North Sea and the Adriatic on the 
one hand and the connection of the individual 
sea surfaces to the coastland on the other. 

References: 

[1] Leitinger R., P. Pesec: lonospheric Corrections for the Land
Based Altimetry Campaign. In: Proc. of Symp. on Refraction 
of Transatmospheric Signals in Geodesy; The Hague, Neth
erlands, 1 992. 

[2] Pesec P„ H. Sünkel, N. Windholz: The Use of Transponders 
in Altimetry; In: IAG Symposia No. 1 1 3  (Gravity and Geoid), 
Springer Verlag, 1 995. 

[3] Powell R.J: Relative Vertical Positioning Using Ground-Level 
Transponders with the ERS-1 Altimeter; IEEE Trans. 
Geoscience and Remote Sensing, GE24, 1 986. 

[4] Denys P.H., A.R. Birks, P.A. Cross, R.J. Powell: Precise 
Height determination using the ERS-1 Radar Altimeter and 
Active ground Based Transponders, Central Europe, Au
gust-November 1 991 ; Final report prepared for the Eur
opean Space Agency, Dept. of Surveying, UNoT and RAL, 
Didcot. UK. Final Report Version 4.0, 1 993. 

[5] Denys P.H., A.R. Birks, P.A. Cross, R.J. Powell: The Brent 
Alpha Transponder Altimetry Trial North Sea - Switzerland; 
Report prepared for Shell UK Exploration and Production. 
Final report Version 3.0, 1 995. 

Address of the authors: 

Dr. Peter Pesec, o. Univ.-Prof. Dipl-Ing. Dr. Hans 
Sünkel„ Dipl.-Ing. Nadja Fachbach: Department of Sa
tellite Geodesy, Institute for Space Research, Austrian 
Academy of Sciences, Lustbühelstraße 46, A-8042 
Graz. 

On the Separation of Gravitation and lnertia in 
the Case of Free Motion 

Wenbin Shen, Helmut Moritz, Graz 

Abstract 

The authors explored the possibility of separating gravitation from inertia in the case of free motion according to 
general relativity, proposed a general method of determining the relativistic gravity field of the earth, and put for
ward and proved two important statements. 

Zusammenfassung 

Die Verfasser untersuchten die Möglichkeit der Trennung von Gravitation und Trägheit in dem Fall der freien 
Bewegung gemäß der allgemeinen Relativitätstheorie. Es wurde eine allgemeine Methode zur Berechnung des re
lativistischen Gravitätsfeldes der Erde vorgeschlagen. Weiters wurden zwei wichtige Theoreme aufgestellt und be
wiesen. 

1 .  lntroduction 

Quite a few geodesists paid attention to 
relativistic effects in geodesy [2, 5, 7, 8, 1 2] .  
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lt is generally agreed that, if an order 1 o-s -
1 0-9 or a higher accuracy requ irement is 
needed, the relativistic effects should be con
sidered. 
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When a particle is in the state of motion in a 
gravitational field, it experiences some forces, 
which generally include gravitational andinertial 
forces. Same forces may be balanced by each 
other, and others may not. In the special case 
that the particle is moving freely in the gravita
tional field, the nature of the particle is very im
portant. In this case, the particle will not sense 
any force or the forces it senses are completely 
balanced so that it senses a resultant zero, be
cause of Einstein's equivalence principle, which 
states that the gravitational mass is equivalent 
to the inertial mass, and later generalized as fol
lows: in a c/osed freely falling system, one cannot 
find out whether the system is in the state of free 
fall in a gravitational field or in the state of uni
form motion or at rest far away from any matter 
sources [1 6) .  Hence, generally it is believed that 
gravitation and inertia are not distinguishable. 
But this belief is correct only if one considers 
the force at one point only. In a finite region how
ever, gravitation and inertia can be separated, at 
least in principle, because the gravitational field 
is essentially different from the "inertial field". 
Roughly speaking , the inertial field is smoother 
and more regular than the gravitational field, so 
that we can find some kind of quantity which is 
sensitive only to the gravitational effects. This 
quantity is the Riemann tensor, which has an ab
solute character. We can conclude that there is a 
gravitational field or none, according as the Rie
mann tensor does not vanish or vanishes. In the 
case of free motion, if we can find a way to de
termine the Riemann tensor, then we have sepa
rated gravitation from inertia, and in this sense, 
gravitation and inertia are absolutely distinguish
able. This conclusion was first pointed out by 
Synge [1 4) ,  and later followed a detailed study 
emphasizing the application in geodesy by 
Moritz [7). However, unfortunately, we have not 
yet reached a final confirmation. The key pro
blem is: is it possible to find the Riemann tensor 
in a closed local reference system, no matter 
what methods one applies, without exchanging 
signals with the external world? The answer is 
positive. In the fol lowing, we wil l  explore this pro
blem. 

2. The Geodesic Deviation Equation 

Let us choose a co-moving proper reference 
frame, an orthonormal tetrad, which consists of 
four mutually orthonormal base vectors, with 
the fourth vector coinciding with the unit tangent 
vector of the worldl ine (it is the geodesic in our 
present case). In this case, the tetrad is parallelly 
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transported [6, 1 3, 1 4) . The four mutually ortho
rnormal base vectors can be expressed as [6, 
1 2) :  

}.P a e(«l = '(«) -,-i ax 
(1 ) 

where J,f"l are the coefficients to be chosen. We 
note that, in this paper, Einstein's summation 
convention and the light unit system (c = 1 )  are 
adopted; and furthermore, for Greek indices, the 
summation covers 0, 1 ,  2, 3 ;  for Latin indices 1 ,  
2 ,  3. 

The orthonormality of a tetrad is given by the 
following condition 

gJn'e(a)Jle(p)v = l](aß) = 1/aß (2) 

where the index (a) denotes a specific vector (or 
tensor) and the index 11 denotes the component 
with respect to coordinates x1', g1"' is the inverse 
of g1"" which is the general metric tensor and re
duces to the Minkowsky tensor 111"' =diag(-1 , 1 , 1 , 1 )  
if the spacetime becomes flat. 

The general expression of the geodesic devia
tion can be written as follows [1 4,  1 5) :  

(3) 

where D is the covariant differential operator, T;· 
is the tangent vector to the geodesic, X1' and a1' 
denote the diplacement vector and the relative 
acceleration between two neighbouring 
geodesics, R;.",/' is the Riemann tensor. Equa
tion (3) gives the relativistic generalization of the 
Newtonian tidal equation. 

With respect to the co-moving proper refer
ence tetrad e(�J· the geodesic deviation equation 
can be expressed as [1 4, 1 5) 

d2)(/a) df2" + 1{"PJ R(epofJJTMX(PJT(l'iJ = 0 

where 

R(epi5ß) = R;.""1,ef;Je(�Je�)e('ß) 
and 

rf J.J = dx(J.J 
dt 

(4) 

(5) 

(6) 

is the particle's 4-velocity observed in the cho
sen tetrad. 

Equation (4) is simi lar to equation (3). The ad
vantage of equation (4) is in that this equation is 
measurable in  practice, at least partly. To con
firm this conclusion, let us further investigate 
this equation. 
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3. The Determination of Riemannian Compo
nents 

Suppose we use a gradiometer to measure the 
relative acceleration of two neighbouring geode
sics, and let the gradiometer be at rest relative 
to the satellite, then, in the co-moving local refer
ence frame, equation (4) becomes: 
d2X(o) 
df 

= 0 (7) 

d2X(iJ 0' dT + R(ojo;r' = o (8) 

On the right hand side of equation (8), the first 
term is interpreted as the relative acceleration of 
the t�o proof masses and can be measured by 
grad1ometers [1 ,4,6,9]. Equation (8) has the 
same form as the tidal equation expressed in 
the frame of Newtonian mechanics [8,9] 

f= d2�„- � �j I df2 - 8Xi axi 

where f; is the tidal force, d2Udt2 is the relative 
acceleration (in the sense of Newtonian me
chanics) of the two proof masses, and �i is the 
distance between the two proof masses. This 
equation has been applied extensively in satellite 
gradiometry [5, 1 O]. lt can be shown that the 
equation (8) reduces to the above classical tidal 
equation under the Newtonian limit. 

By appropriate orientations (puting the proof 
masses in the directions of e(iJ respectively), we 
can make R(oiOJ) = O(i i=J) [6]. In this case, equation 
(8) becomes 
d2X(;J "' 
-- + R(O'O'X'11 = 0 
dt2 I 11 

where the relation 

x(0 = ,1(ij)xw = x(i) 

(no sum over i!) (9) 

has been introduced. Hence, from (9) we can 
find the Riemannian components R(o;o,): 

R(oio1) = - (d;;(iJ)IX(i) (no sum over i!) (1 0) 

and the remaining components R(oioi) = O(i i=J). 

To find the Riemann tensor R;_,."'" we should 
apply equation (4), from which, noticing the 
orthonormality of the tetrad ef;,J: 
ef;, J eh") = c5� (1 1 )  

by multiplying both sides of the equation (5) with 
e�Je(f,Je�Je(f� we get: 

R - R e(�J (•V (µJ (uJ '"'"ß - (�11pu) 1, e" e" e ß 
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(1 2) 

We are most interested in Ro;Oi• i.e., 
Ro;oj = R(�•ipu) e({Je<;1Je(f/e�") (1 3) 

Suppose we can choose such a tetrad e(a) so 
that the r1 components e� >= 0, if rx i:. ri. Then.

' 
we 

have 
Ro;oi = R(o;o1)e(8>ef0e�>e9J (no sum over i, j!) (1 4) 

Since gradiometers have been appropriately 
oriented (R(iOiO) = 0, i i:.j, [6]), we have 
Ro;oj = 0, if i i:.j (1 5) 

Ro;o; = R(o;o1)e(g>efJe�>e� (no sum over i!) (1 6) 

.. From (1 0), we can see that R(o;011 are the quan
t1t1es measured by gradiometers which are fixed 
on a satellite. Then, from (1 5) and (1 6), we can 
find Ro;oj. which are independent of the coordi
nate system. In this way, the gravitational effects 
are separated from inertia, at least partly. We 
should keep in mind that, according to the 
equivalence principle, in a freely moving elevator 
(or satellite), one can not teil whetherone is in the 
state of free fall or the state of uniform motion or 
a� rest, no matter what method one uses, pro
v1ded one does not exchange signals with the 
world outside the elevator. However, by some 
�inds of devices (such as gradiometers), one 
fmds that the devices can "feel" the action of 
t�e gravitatio� (even if in a very small region pro
v1ded the dev1ce can be made as small as possi
ble). This conclusion is very attractive and it 
means that in a strict sense Einstein's equiva
lence principle is correct only at one point. Ex
tending to any finite region, even if very small, 
the equivalence principle holds no more. 

Now, let us explore how to determine Ra·o· 
f ' 

1 i 
rom equat1on (1 6) or (1 3) in practice. In a general 

�urved spacetime (four dimensional manifold), it 
1s not easy to determine the base vectors of the 
orthonormal tetrad. However, with some kind of 
approximation, it becomes easier. 

Let us introduce the standard PPN coordinate 
induced tetrad (at rest with respect to the coordi
nates) [1 2] : 

a e(t)=IJ +-, 
at 

with 

a e(i)=11- -· ax' 

'7 ± = 1 + GM 
- r 

(1 7) 

(1 8) 

where G is the gravitational constant and M is 
the earth's mass. Suppose we have chosen the 
spherical polar coordinate grid (t, r, 8, J,) with its 
origin at the earth's center, where r is the dis
tance between the origin and the field point, e is 
the polar angle, and }, is the longitude. The tan-
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gent vectors to the coordinate l ines of the coor
dinate grid (t, r, 8, },) are respectively 

a1at, a1ar, ame. am 
Although the above tetrad is orthogonal, it is 

not parallel ly transported (in general case). In 
fact, it is at rest with respect to the global coordi
nates (t, r, 8, },) . At every point P passed by the 
satel l ite, there exists a coordinate induced tetrad 
e(�)· However, in order to correlate the Riemann 
tensor with the measured quantities, we need to 
find the paral lel ly transported tetrad e'(�)• which 
is a proper reference frame of the satellite. For 
this purpose, we need to know the velocity of 
the satel l ite. Fortunately, in this case, the velocity 
is known. 

Let us use v to denote the ordinary 3-velocity 
of the satel l ite observed in the geocentric star-fi
xed coordinate system (GSS). Then, the como
ving parallel ly transported tetrad e'(�) can be ob
tained by a Lorentz transformation A�l, i .e . ,  

e(a) = A�le(fl) (19) 
where 

Al8l = 1 + � u2 
(i) (0) i -A(o} = A(i) = - v = - ü;, 
("} . 1 . 

Ad) = ö1 + 2 ü1 V; 
(20) 

With the above tetrad, equation (1 2) or (1 3) 
should be used. In this case, we cannot find 
R1,"a/J or Ro;oj. because only some components 
of R(�•ipa) have been measured. Hence, we need 
to apply an approximate method, with which the 
Riemann tensor can be found, and as a result 
the earth's gravitational field can be determined. 

4. The Determination of the Gravitational Field 

In the spacetime considered in section 3 ,  sup
pose we have chosen a global spherical polar 
coordinate grid (t, r, 8, }.). In this case, at every 
fixed spacetime point P, there exists a coordi
nate induced tetrad e��) (12], which is g iven by 
expression (1 7). 

lt should be pointed out here that in general 
case one cannot find exact solution for deter
mining a gravitational field. One must use ana
pproximate method. In our present case, if we 
use the Post-Newtonian Approximation (16], we 
wil l  find that only five potential quantities need 
to be determined, where four of them can be cal
culated by a normal model (a uniform sphere) 
and the fifth is connected to the measured Rie
mannian components R(oioJ)-
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With the Post-Newtonian Approximation,  the 
metric tensor 91," can be expressed as (16] 
900 = - 1 - 24> - 24} - 21/J (21 )  

(22) 

9;j = öij - 2öijcf> (23) 

where cf>, ijJ, [ (which are on the orders ü2, ü3, ü4) 
are the first Newtonian potential, second Newto
nian potential, and vector potential, respectively. 

The Riemannian components can be ex
pressed as follows (1 6]: 

Ro;oj = cf>ij + 3cf>;c/>j + 2cf>c/>;j - öij(\l cf>)2 + f ;j, 
1 Roijk = 2 (8;8j(k - 8;8�j) - 81(Ö;jc/>k - Ö;kc/>i), 

R;jkl = Ö;kc/>jl - öilcf>jk - öjkcf>il + öjlcf>ik (24) 

where 8;= 8/ax;, 81= 8/at, cf>;= 8;cf>, cf>ij= 8;q c/>, etc. 

To determine the potential cf>, we first establish 
the connection between Rpvr;,ß and R(�•ipa)· The 
connection between R1,"aß and R(�•ipa) can be ea
sily establ ished through the Lorentz transforma
tion A(2;�fa): 
R(�11pa) = A(2;�fa) Rl"'a/J 
where 

(25) 

A(2;�fa) = Afo A(;,) A(p) Afa) (26) 

and Afo is given by equation (20). Then, from the 
above two equations we have: 

R(OiOJ) = R111•a/JA(o)A/;JA(o)Afi1 (27) 

From (20) and (27), accurate to ü4, we find that 
the following connection holds: 

( 2) 1 k 1 k R(oiOJ) = Ro;oj 1 +u - 2 Ro1okv Vj 2 - Rokojll ll; 
- Roikjllk - Rojkil + Rkimjllkvm (28) 

lf substituting (24) into (28), we find that equa
tion (28) connects the measured quantities R(o;o11 
with the potentials cf>, (; and ijJ. Obviously, it is 
impossible to find the potentials by using the 
measured quantities R(om,1 at only one point. 
However, by using a lot of sets of quantities 
R(0;011 (observed in one or more satellite orbits) it 
may be possible to determine the potentials. To 
confirm this conclusion, let us first consider the 
Newtonian l imit: accurate to ü2. In this case, 
from (28) and the first equation of (24) we get 

Ro;oj = R(oiOJ) = c/>ij (29) 

Now since the components Ro;oj have been 
found, we can use the conventional method (1 O] 
to determine the first Newtonian potential cf>. 
The basic idea is as follows: 

Set 

V= -4> (30) 
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in agreement with the common concept of the 
potential used in geodesy. Combining (29) and 
(30) we get 

8;qV = - R(OiOJ) (31) 

Suppose that in the region where the mass 
density p vanishes the potential V can be ex
pressed as a spherical harmonic expansion [1 O]: 

V= C+C;x;+ GM 'ff,± Cnma{ir1Ynma(P) (32) 
R n=O m=O •=0 r 

where C and C; are constants to be determined 
(if only considering the earth 's potential, C and 
C; are equal to zero), Cnma are unknown potential 
coefficients to be determined , N is a large en
ough possitive integer (depending on the accu
racy required), and 

Ynmo(P) = Pnm(cos8)cos(mJ,), 
Ynm1 (P� = Pnm(cos8)sin(mJ,) (33) 
are ful ly normalized spherical harmonics of de
gree n and order m. 

Substituting equation (32) into (31) we get 

GM N n 1 R - LLL CnmaD;Dj[(-r+1Ynma(P)]= - R(OiOJ) (34) 
R n=O m=O •=Ü r 

Note that point P is on the trajectory (orbit) of the 
satell ite. With equation (34), in principle, the 
coefficients Cnma can be determined , provided 
sufficiently many sets of the Riemannian compo
nents R0;oi are observed. (For practical reasons, 
greater and weil determined coefficients, corre
sponding to a reference gravity field ,  should be 
taken out first.) 

Suppose we have determined all the coeffi
cients Cnma from equation (34), then, from equa
tion (32) we know that the potential V has been 
determined up to four constants C and C;. These 
four constants cannot be determined by the Rie
mann ian components R0;oi· However, in the case 
of determining the gravity field of the earth, we 
require that the potential V approaches zero 
with P tending to infinity; then, C = C; = 0. In 
this sense, the potential V is completely deter
mined [10]. 

Now we aim at the accuracy of v4. From (28) 
and (24) we get: 

vij = - rPii = - R(oio,1 + O;j (35) 
where 

O;i = {[3U;Ui + 2U Uii-oii (VlfJ2+ i/Jii] 
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-[2Uijv2 - � U;kVkVj - � ukjVkV; + OijUkmVkvm] 
1 1 +[8;8h - 2 8;8k(i - 2 8i8k(;]} (36) 

U (the normal spherical potential) as weil as (; 
and ijJ are calculated by a normal spherical 
model [11]. In this sense, Vii have been deter
mined as the measured quantities. 

Substituting equation (32) into (35), we get a 
relativistic model of satel l ite gradiometry (accu
rate to the order of v4) 
GM N n 1 R - LLL CnmaD;Dj [(-r+1Ynma]=-R(oi01)+Q;j (37) 
R n=Om=Ü•=Ü r 

which is a generalization of the Newtonian model 
(34). 

5. Proofs of Two Statements 

Now, we put forward the following two state
ments: 

1. In the case of using gradiometers an a satel
lite, with some kind of approximation, the Rie
mann tensor R1,v afl can be found. 

2. In the case of free motion, if the measured 
Riemannian components R(okol) are always 
equal to zero, then, accurate to v2, the whole 
Riemann tensor R111.aß equals zero. 

Let us first prove the second statement. Sup
pose 

R(OkO/) = 0 (38) 
From (34) and (38), the potential coefficients 

Cnma must be equal to zero: 

Cnma = 0 (39) 
Then, from equation (32) we have 

V= C + C;>! 
This potential denotes a global uniform gravi

tational field. However, in reality, no global uni
form gravitational f ield exists; hence we have 

V=C 
or without loss of generality, we choose C = 0, 
i .e .  

c/J= -V=O (40) 
This equation means that there exists no mass 

sources in our spacetime. Consequently we 
have 

rjJ = 0, ( = 0, ijJ = 0 (41) 
I n  this case, we can choose a global coordi

nate system in which the metric tensor is the 
Minkowsky metric 17111• = diag(-1, 1, 1, 1 ) . In this co
ordinate system, the Riemann tensor Rµvr:t.ß is 
equal to zero: 

(42) 
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Since any tensor is invariant under coordinate 
transformations, the above equation holds in 
any coordinates, i .e . ,  the Riemann tensor R111.aß 
is always equal to zero. This completes the proof 
of the second statement. 

To prove the first statement, we need only to 
prove that the metric tensor 9111• can be deter
mined with the aid of the Post-Newtonian Ap
proximation. In fact, we have shown (see section 
4) that the first Newtonian potential <P can be de
termined provided that as many sets of the Rie
mannian components R(okoQ as possible are ob
served. As a result. equations (21 ) , (22} and (23} 
teil us that the metric tensor 9111• can be deter
mined. Once 9111. is determined, R1,vaß is also de
termined. This completes the proof. 

6. Discussion 

In principle, the relativistic gravity field can be 
determined strictly by satellite gradiometry. The 
method is very general. First, we determine </J, 1/J 
and (; by measuring as many sets of the compo
nents R(okoQ as possible. Now </J, t/l and (; are 
connected with R1m,ß by equation (24) and RJ1,·aß 
is connected with R(okoQ through Lorentz trans
formations; hence </J, t/f and (; (using spherical 
harmonic expansion forms) are connected with 
R(okOQ· In this way, </J, t/l and (; can be determined 
and consequently 9w can be found by equations 
(21 ) , (22) and (23). Once the metric tensor 91"' is 
determined, as a result the (relativistic) gravita
tional field expressed in the geocentric star-fixed 
system (GSS) is determined. This field, in es
sence, is just the gravity field expressed in the 
geocentric earth-fixed system (GES). To trans
form the expression from GSS to GES is 
straightforward. 
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