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tion of north- and south-going passes) displayed
in Fig. 3. Two of them showed too many local re-
flections to be of any further use, therefore three
new sites were defined along the particular sub-
tracks. As an example the radar altimeter returns
for an ERS-1 overpass at RAMS (Ramsau /
Dachstein) are shown in Fig. 4. All sites were
connected to the International Terrestrial Refer-
ence Frame by preceding or on-site GPS-mea-
surements, the latter also being used for the esti-
mate of the ionospheric corrections. Special at-
tention is paid to the cross-over point LASS, si-
tuated in the near vicinity of the Graz laser sta-
tion (7 km) for which altimeter derived heights
and laser distances are highly correlated and
can be used for a direct calibration of the ERS-2
altimeter.

6. Current Status and Future Plans

The recent measurements have shown a sub-
stantial decrease of the power of the emitted re-
turn pulses by a factor of 8 compared to the first
measurements in Schindlet, which complicates
the data reduction for noisy sites. The reason
may be the failure of one amplifier inside the
transponder which is presently investigated.
After some test-measurements near the obser-
vatory Lustbuhel it is planned to repeat the mea-
surements in Austria for a further 70 days period.

Abstract

After that the Graz transponder will be em-
ployed, together with the Copenhagen transpon-
der, for a dedicated mission which aims at the
connection of North Sea and the Adriatic on the
one hand and the connection of the individual
sea surfaces to the coastland on the other.
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On the Separation of Gravitation and Inertia in
the Case of Free Motion

Wenbin Shen, Helmut Moritz, Graz

The authors explored the possibility of separating gravitation from inertia in the case of free motion according to
general relativity, proposed a general method of determining the relativistic gravity field of the earth, and put for-

ward and proved two important statements.

Zusammenfassung

Die Verfasser untersuchten die Méglichkeit der Trennung von Gravitation und Tragheit in dem Fall der freien
Bewegung gemanB der allgemeinen Relativitatstheorie. Es wurde eine allgemeine Methode zur Berechnung des re-
lativistischen Gravitéatsfeldes der Erde vorgeschlagen. Weiters wurden zwei wichtige Theoreme aufgestellt und be-

wiesen.

1. Introduction

Quite a few geodesists paid attention to
relativistic effects in geodesy [2, 5, 7, 8, 12].
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It is generally agreed that, if an order 1078~
10° or a higher accuracy requirement is
needed, the relativistic effects should be con-
sidered.
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When a particle is in the state of motion in a
gravitational field, it experiences some forces,
which generally include gravitational andinertial
forces. Some forces may be balanced by each
other, and others may not. In the special case
that the particle is moving freely in the gravita-
tional field, the nature of the particle is very im-
portant. In this case, the particle will not sense
any force or the forces it senses are completely
balanced so that it senses a resultant zero, be-
cause of Einstein’s equivalence principle, which
states that the gravitational mass is equivalent
to the inertial mass, and later generalized as fol-
lows:in a closed freely falling system, one cannot
find out whether the system is in the state of free
fall in a gravitational field or in the state of uni-
form motion or at rest far away from any matter
sources [16]. Hence, generally it is believed that
gravitation and inertia are not distinguishable.
But this belief is correct only if one considers
the force at one point only. In a finite region how-
ever, gravitation and inertia can be separated, at
least in principle, because the gravitational field
is essentially different from the “inertial field".
Roughly speaking, the inertial field is smoother
and more regular than the gravitational field, so
that we can find some kind of quantity which is
sensitive only to the gravitational effects. This
quantity is the Riemann tensor, which has an ab-
solute character. We can conclude that there is a
gravitational field or none, according as the Rie-
mann tensor does not vanish or vanishes. In the
case of free motion, if we can find a way to de-
termine the Riemann tensor, then we have sepa-
rated gravitation from inertia, and in this sense,
gravitation and inertia are absolutely distinguish-
able. This conclusion was first pointed out by
Synge [14], and later followed a detailed study
emphasizing the application in geodesy by
Moritz [7]. However, unfortunately, we have not
yet reached a final confirmation. The key pro-
blem is: is it possible to find the Riemann tensor
in a closed local reference system, no matter
what methods one applies, without exchanging
signals with the external world? The answer is
positive. In the following, we will explore this pro-
blem.

2. The Geodesic Deviation Equation

Let us choose a co-moving proper reference
frame, an orthonormal tetrad, which consists of
four mutually orthonormal base vectors, with
the fourth vector coinciding with the unit tangent
vector of the worldline (it is the geodesic in our
present case). In this case, the tetrad is parallelly
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transported [6, 13, 14]. The four mutually ortho-
rnormal base vectors can be expressed as [6,
12):

{5}
Ed o

where 2f, are the coefficients to be chosen. We
note that, in this paper, Einstein's summation
convention and the light unit system (c = 1) are
adopted; and furthermore, for Greek indices, the
summation covers 0, 1, 2, 3; for Latin indices 1,
2, 3.

i
e = Ay

The orthonormality of a tetrad is given by the
following condition

g ewpemy = N = Nap )
where the index («) denotes a specific vector (or
tensor) and the index u denotes the component
with respect to coordinates x*, g'* is the inverse
of g,.. which is the general metric tensor and re-
duces to the Minkowsky tensor 1, = diag(-1,1,1,1)
if the spacetime becomes flat.

The general expression of the geodesic devia-
tion can be written as follows [14, 15]:

_ DX
D

where D is the covariant differential operator, T*
is the tangent vector to the geodesic, X* and a*
denote the diplacement vector and the relative
acceleration  between two  neighbouring
geodesics, R,., is the Riemann tensor. Equa-
tion (3) gives the relativistic generalization of the
Newtonian tidal equation.

y2a

=~ R "TXT 3)

With respect to the co-moving proper refer-
ence tetrad e, the geodesic deviation equation
can be expressed as [14,15]

d;t)g“) i ”(aﬂ) R(epé/})T(E)X(p)T(d) =0 4
where

Reepon) = Riven€ioelneiely (5)
and

) - 9 ©

at
is the particle’s 4-velocity observed in the cho-
sen tetrad.

Equation (4) is similar to equation (3). The ad-
vantage of equation (4) is in that this equation is
measurable in practice, at least partly. To con-
firm this conclusion, let us further investigate
this equation.
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3. The Determination of Riemannian Compo-
nents

Suppose we use a gradiometer to measure the
relative acceleration of two neighbouring geode-
sics, and let the gradiometer be at rest relative
to the satellite, then, in the co-moving local refer-
ence frame, equation (4) becomes:

d?X)

oF "
a2, 4

2+ Roox? =0 ®

On the right hand side of equation (8), the first
term is interpreted as the relative acceleration of
the two proof masses and can be measured by
gradiometers [1,4,6,9]. Equation (8) has the
same form as the tidal equation expressed in
the frame of Newtonian mechanics [8,9]

_ AV

" dt? T ox‘ox

where f; is the tidal force, d?¢;/dt? is the relative
acceleration (in the sense of Newtonian me-
chanics) of the two proof masses, and ¢ is the
distance between the two proof masses. This
equation has been applied extensively in satellite
gradiometry [5,10]. It can be shown that the
equation (8) reduces to the above classical tidal
equation under the Newtonian limit.

By appropriate orientations (puting the proof
masses in the directions of e respectively), we
can make Rjg) = O(i #) [6]. In this case, equation
(8) becomes
d2X(,)
dt?
where the relation
X0 = Xy = X
has been introduced. Hence, from (9) we can
find the Riemannian components Rgjoj:

+ RpiopX? =0 (no sum over il) )

2 "
Roioy = — (%@)/Xﬁ) (no sum over il) (10)

and the remaining components Rig) = O #)).

To find the Riemann tensor R,,;,, we should
apply equation (4), from which, noticing the
orthonormality of the tetrad e
et eff’ = 5} (1)
by multiplying both sides of the equation (5) with
ePeelle we get:

RSN

R;u‘aﬁ = R({I,pa)eu (1 2)
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We are most interested in Ryg;, i.e.,
Roioj = Rienpa) e%’e(}’)e(g’eﬁ”’ (13)

Suppose we can choose such a tetrad e, so
that the ¢ components e(,’f)z 0, if o # 4. Then, we
have
R 0ioj = R(OIO ne(g)el(ue(g)elq)

(no sumoveri,jl) (14)

Since gradiometers have been appropriately
oriented (Rgojoy = O, i #J, [6]), we have

RO/'Oj = 0, If/ #[
Roioi = Roigye DefleQe?

(15)
(16)

From (10), we can see that R(qg) are the quan-
tities measured by gradiometers which are fixed
on a satellite. Then, from (15) and (16), we can
find Roig;, Which are independent of the coordi-
nate system. In this way, the gravitational effects
are separated from inertia, at least partly. We
should keep in mind that, according to the
equivalence principle, in a freely moving elevator
(or satellite), one can not tell whetherone is in the
state of free fall or the state of uniform motion or
at rest, no matter what method one uses, pro-
vided one does not exchange signals with the
world outside the elevator. However, by some
kinds of devices (such as gradiometers), one
finds that the devices can ‘“/feel” the action of
the gravitation (even if in a very small region pro-
vided the device can be made as small as possi-
ble). This conclusion is very attractive and it
means that in a strict sense Einstein’s equiva-
lence principle is correct only at one point. Ex-
tending to any finite region, even if very small,
the equivalence principle holds no more.

(no sum over il)

Now, let us explore how to determine Rgo;
from equation (16) or (13) in practice. In a general
curved spacetime (four dimensional manifold), it
is not easy to determine the base vectors of the
orthonormal tetrad. However, with some kind of
approximation, it becomes easier.

Let us introduce the standard PPN coordinate
induced tetrad (at rest with respect to the coordi-
nates) [12]:

0
e([) =N+ E, e(,) =n- W (1 7)
with
nt=1+SM4 (18)

r

where G is the gravitational constant and M is
the earth’s mass. Suppose we have chosen the
spherical polar coordinate grid (¢, r, 0, A) with its
origin at the earth’s center, where r is the dis-
tance between the origin and the field point, 0 is
the polar angle, and 2 is the longitude. The tan-
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gent vectors to the coordinate lines of the coor-
dinate grid (t, r, 0, 4) are respectively

olot, olor, oloe, dlo).

Although the above tetrad is orthogonal, it is
not parallelly transported (in general case). In
fact, it is at rest with respect to the global coordi-
nates (t, r, 0, 2). At every point P passed by the
satellite, there exists a coordinate induced tetrad
e¢). However, in order to correlate the Riemann
tensor with the measured quantities, we need to
find the parallelly transported tetrad e’(;), which
is a proper reference frame of the satellite. For
this purpose, we need to know the velocity of
the satellite. Fortunately, in this case, the velocity
is known.

Let us use ¥ to denote the ordinary 3-velocity
of the satellite observed in the geocentric star-fi-
xed coordinate system (GSS). Then, the como-
ving parallelly transported tetrad e’y can be ob-
tained by a Lorentz transformation /\E}’;}, ie.,

e® = Afe (19)
where

A =1+ 30

Afg) = AE?}: =it = =y (20)

A =a;+;—uf o

With the above tetrad, equation (12) or (13)
should be used. In this case, we cannot find
R, or Rojgj, because only some components
of R,,0) have been measured. Hence, we need
to apply an approximate method, with which the
Riemann tensor can be found, and as a result
the earth’s gravitational field can be determined.

4. The Determination of the Gravitational Field

In the spacetime considered in section 3, sup-
pose we have chosen a global spherical polar
coordinate grid (¢, r, 6, ). In this case, at every
fixed spacetime point P, there exists a coordi-
nate induced tetrad €% [12], which is given by
expression (17).

It should be pointed out here that in general
case one cannot find exact solution for deter-
mining a gravitational field. One must use ana-
pproximate method. In our present case, if we
use the Post-Newtonian Approximation [16], we
will find that only five potential quantities need
to be determined, where four of them can be cal-
culated by a normal model (a uniform sphere)
and the fifth is connected to the measured Rie-
mannian components Rgig).-
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With the Post-Newtonian Approximation, the
metric tensor g, can be expressed as [16]

Goo=-1-2¢-2¢* -2y 1)
Joj = Cj (22)
gi = 0;—20;¢ (23)

where ¢, i, £ (which are on the orders v?, v®, v¥)
are the first Newtonian potential, second Newto-
nian potential, and vector potential, respectively.

The Riemannian components can be ex-
pressed as follows [16]:

Roioj = ¢j + 3¢icy + 20 — 0;(V ) + Wy,

Rojx = % (0:0k — 0i0kL)) — B¢ ik — i),

Ri = Sixbjy — Subjx — ddbin + Sjibix (24)
where = 0lox', 6,= 0lot, i=0ip, pj= 8G9, etc.

To determine the potential ¢, we first establish
the connection between Ruvafi and Ri,p)- The
connection between R,,,,; and R, can be ea-
sily estat;lished through the Lorentz transforma-
tion A8

Rignoo) = Nntoy Buvag (25)
where
Nenboy = N Aip Ay Aoy (26)

and Af; is given by equation (20). Then, from the
above two equations we have:

Roiop = Ry NoAGAAL (27)

From (20) and (27), accurate to v*, we find that
the following connection holds:

1 1
Riioj = Roioj(1+v?) - 5 Roiokt*v; 5 Rokojtvi

K k K
= Roik/'l) - ROjkiU C Rkimjv i (28)

If substituting (24) into (28), we find that equa-
tion (28) connects the measured quantities R
with the potentials ¢, {; and . Obviously, it is
impossible to find the potentials by using the
measured quantities R at only one point.
However, by using a lot of sets of quantities
Roioj (observed in one or more satellite orbits) it
may be possible to determine the potentials. To
confirm this conclusion, let us first consider the
Newtonian limit: accurate to v2. In this case,
from (28) and the first equation of (24) we get

ROin S R(OiO]) = ¢I] (29)
Now since the components Rg;o; have been
found, we can use the conventional method [10]

to determine the first Newtonian potential ¢.
The basic idea is as follows:

Set

V=-¢ (30)
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in agreement with the common concept of the
potential used in geodesy. Combining (29) and
(80) we get

4GV = - Roiop (31)
Suppose that in the region where the mass

density p vanishes the potential V can be ex-
pressed as a spherical harmonic expansion [10]:

M N n 1 R n+1
V=C+Cix'+ — X33 Crmel=)"""Yomo(P) (32)
R n=0 m=0 2=0 I'

where C and C; are constants to be determined
(if only considering the earth’s potential, C and
C, are equal to zero), C,m, are unknown potential
coefficients to be determined, N is a large en-
ough possitive integer (depending on the accu-
racy required), and

Y;mo(P) = Pom(cosf)cos(mi),
Ym1(P) = Pom(cosb)sin(m2) (83)

are fully normalized spherical harmonics of de-
gree n and order m.

Substituting equation (32) into (31) we get

N n 1

ZZZ Cnrrma6 [ )n+1Ynma(P)]= - R(O"O/) (34)

n=0 m=0 2=0
Note that point P is on the trajectory (orbit) of the
satellite. With equation (34), in principle, the
coefficients C,,, can be determined, provided
sufficiently many sets of the Riemannian compo-
nents Rojo; are observed. (For practical reasons,
greater and well determined coefficients, corre-
sponding to a reference gravity field, should be
taken out first.)

Suppose we have determined all the coeffi-
cients C,n, from equation (34), then, from equa-
tion (32) we know that the potential V has been
determined up to four constants C and C;. These
four constants cannot be determined by the Rie-
mannian components Rojg;. However, in the case
of determining the gravity field of the earth, we
require that the potential V approaches zero
with P tending to infinity; then, C = C; = 0. In
this sense, the potential V is completely deter-
mined [10].

Now we aim at the accuracy of v*. From (28)
and (24) we get:
Vi = — djj = — Roiy + Qj (35)
where
Qij= {[3U,U, + 2U U;i— 06y (VU) +il
—[2U; U,kv v — —Uk,v u,+b,,Ukmv v
+6i6;Ck — 5 Okl — 6 oG} (36)
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U (the normal spherical potential) as well as {;
and  are calculated by a normal spherical
model [11]. In this sense, V; have been deter-
mined as the measured quantities.

Substituting equation (32) into (35), we get a
relativistic model of satelllte gradiometry (accu-
rate to the order of v*)

N n 1
M S 3S Comdid

R 2l )n+1Ynmu]=_R(0i0/)+Qij (37)
n=Um=0 2=l
which is a generalization of the Newtonian model

(34).

5. Proofs of Two Statements

Now, we put forward the following two state-
ments:

1. In the case of using gradiometers on a satel-
lite, with some kind of approximation, the Rie-
mann tensor R,z can be found.

2. In the case of free motion, if the measured
Riemannian components Rk are always
equal to zero, then, accurate to v, the whole
Riemann tensor R,.; equals zero.

Let us first prove the second statement. Sup-
pose

Rokoy = 0 (38)
From (34) and (38), the potential coefficients

C,me must be equal to zero:

Coma=0 (39)
Then, from equation (32) we have

V=C+Cx

This potential denotes a global uniform gravi-
tational field. However, in reality, no global uni-
form gravitational field exists; hence we have

v==C

or without loss of generality, we choose C = 0,

ie.

p=-V=0 (40)
This equation means that there exists no mass

sources in our spacetime. Consequently we
have

¢$=0,(=0,y=0 41)

In this case, we can choose a global coordi-
nate system in which the metric tensor is the
Minkowsky metric 1, = diag(-1,1,1,1). In this co-
ordinate system, the Riemann tensor Ruvof is
equal to zero:

Ry =0 (42)
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Since any tensor is invariant under coordinate
transformations, the above equation holds in
any coordinates, i.e., the Riemann tensor R,z
is always equal to zero. This completes the proof
of the second statement.

To prove the first statement, we need only to
prove that the metric tensor g,, can be deter-
mined with the aid of the Post-Newtonian Ap-
proximation. In fact, we have shown (see section
4) that the first Newtonian potential ¢ can be de-
termined provided that as many sets of the Rie-
mannian components R0y as possible are ob-
served. As a result. equations (21), (22) and (23)
tell us that the metric tensor g,, can be deter-
mined. Once g, is determined, R, is also de-
termined. This completes the proof.

6. Discussion

In principle, the relativistic gravity field can be
determined strictly by satellite gradiometry. The
method is very general. First, we determine ¢,
and {; by measuring as many sets of the compo-
nents Rkop as possible. Now ¢, ¥ and {; are
connected with R, by equation (24) and R,
is connected with Rk through Lorentz trans-
formations; hence ¢,  and {; (using spherical
harmonic expansion forms) are connected with
Rokon- In this way, ¢, ¥ and {; can be determined
and consequently g,,, can be found by equations
(21), (22) and (23). Once the metric tensor g,,, is
determined, as a result the (relativistic) gravita-
tional field expressed in the geocentric star-fixed
system (GSS) is determined. This field, in es-
sence, is just the gravity field expressed in the
geocentric earth-fixed system (GES). To trans-
form the expression from GSS to GES is
straightforward.
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